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Abstract— As semiconductor devices continuously get both smaller and
faster, a profound analysis of the dynamic (time-dependent) thermal be-
haviour is becoming more and more important. In this article some basic
concepts and numerical methods for thermal characterization in the fre-
quency domain are explained. Two practical examples are given. First
a simple model is presented for a small package mounted on a thin plate
subject to convective cooling. The results are in good agreement with ex-
perimental measurements. Next the influence of the finite heat propagation
speed is investigated. The calculated temperature distributions give a taste
of the thermal wave-like phenomena that are probably to occur in future
nano-scaled electronics.
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I. INTRODUCTION
MORE than 40 years after Moore launched his infamouslaw [1], a still increasing number of transistors is being
squeezed onto a single chip. The combination with the high
operating speeds leads to enormous heat densities getting dis-
sipated. The heat sources are very small, making electronics a
rather peculiar client in the field of heat transfer. Thermal phe-
nomena inside microchips are relatively fast, and in opposition
to most other applications (such as heat exchangers, heating of
buildings, etc.) thermal conduction rather than convection is
the determining and limiting factor. Additionally, semiconduc-
tor properties are highly temperature dependent. Hence the heat
produced by transistors will influence their electronic character-
istics. This so called electrothermal coupling may endanger the
reliability of the device, making thermal analysis an important
and challenging link in the chain of the chip design process.
II. DYNAMIC CHARACTERIZATION
In many – especially digital – electronic circuits the electric
signals and hence the power dissipation is often periodical. This
suggests a description of the dynamic thermal behaviour in the
frequency domain. Also other more fundamental reasons can
be stated, however we will not go into detail here. For such an
approach the temperature response to a hypothetical source dis-
sipating a sinusoidally oscillating (with pulsation ω, rad/s) heat
power is investigated. For the mathematical description, phasor
notation can be used, similar to the electrical AC analysis well
known by electronic engineers. The corresponding differential
equation for the temperature distribution T (in K) reads:
k∇2T (~r)− jωCvT (~r) = −p (~r) (1)
with k the thermal conductivity (W/mK), Cv the specific heat
per volume unit (J/m3K) and p the power density (W/m3). In
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some cases the heat equation (1) can be solved analytically, lead-
ing to a closed form thermal model. Mostly however numerical
or semi-analytical methods are needed. All this will be illus-
trated by means of two practical examples (sections III and IV).
The thermal diffusion is strongly similar to electrical conduc-
tion. The temperature T and heat flow Q (in W) are the counter-
parts of the voltage and current respectively. By consequence a
thermal impedance Zth(jω) (in K/W) can be defined, being the
temperature of the heat source relative to ambient divided by the
dissipated power, both in phasor notation. Zth may be seen as
a thermal blueprint of the device. Knowledge of the frequency
dependency of the thermal impedance results in a complete yet
compact description of the dynamic behaviour.
III. POWER AMPLIFIER WITH THIN PLATE COOLING FIN
Experimental setup
A packed chip is screwed to a thin aluminium (k =
200W/mK, Cv = 2.4 × 106 J/m3K) plate, as shown in Fig. 1.
The plate acts as a cooling fin: the heat from the chip spreads
into the plate by thermal conduction, and can then be transfered
to the ambient air. The latter mechanism is called convective
cooling. The heat flux q, i.e. the heat flow density (in W/m2),
that can be removed is proportional to the local temperture dif-
ference between the plate and the air:
q = h∆T (2)
in which h is the convection coefficient (in W/m2K).
Fig. 1. Power amplifier mounted on a thin plate (all dimensions in mm)
The power amplifier is supplied with a constant current, until
a steady state temperature is reached. Then the current is sud-
denly switched off and from that moment the temperature inside
the chip is recorded, by measuring the voltage drop over the pro-
tection diode. From this cooling curve the thermal impedance
can be obtained using appropriate Fourier techniques [2].
Analytical model
Let us consider a thin plate with thickness ts, width b and infi-
nite length. At the small side a heat power phasor P is injected.
Both the front and rear sides of the plate are subject to convec-
tive cooling with convection coefficient h. Using a simple 1-D
approximation, the thermal impedance is found as:
Zth(jω) =
R0√
1 + jω/ω0
(3)
where R0 = (b
√
2hkts)−1 and ω0 = 2hCvts .
Results
The thermal impedances obtained from the experiment and
the model are compared in Fig. 2. A so called Nyquist repre-
sentation is used: Im [Zth(jω)] is plotted vs. Re [Zth(jω)] with
ω as a parameter. Whereas the model assumed the heat source
in direct contact with the plate, here a packed chip is mounted
using a screw. Therefore an extra resistance R∞ = 0.645K/W,
corresponding to the package of the chip, needed to be added
to (3). In Fig. 2 a close agreement between theory and exper-
iment is observed. From the model fitting a convection coeffi-
cient h ≈ 25W/m2K was derived.
Fig. 2. Thermal impedance of the power amplifier (Nyquist plot)
IV. NON-FOURIER THERMAL CONDUCTION
Heat conduction is fundamentally a mechanical process: heat
spreads through the material as vibrational energy is passed
from atom to atom. Hence the speed at which heat can prop-
agate is limited, namely to the speed of sound c in the material.
This effect was taken into account by Cattaneo and Vernotte [3].
In (1) an additional factor 1+jωτ must be added both to the term
with Cv and the power density; τ is a time constant depending
on the speed of sound. This gives rise to wave phenomena. The
thermal waves are however strongly damped, hence the effect is
only noticable in very small devices.
Numerical solution
For the free space and half-infinite substrates, the fundamen-
tal solution G(~r|~r′) of the heat equation is available in closed
form. This so called Green’s function is the temperature distri-
bution due to a point shaped Dirac impulse source p = δ(~r−~r′).
For a rectangular source located on top of a substrate, the tem-
perature distribution can then easily be found by superposition:
T (~r) =
∫∫
source
p(~r′)G(~r|~r′)d~r′ (4)
Results
A square heat source measuring 100 nm × 100 nm with a
uniform power dissipation is located on top of a half-infinite
silicon substrate (k = 160W/mK, Cv = 1.78 × 106 J/m3K,
c = 2200m/s). The distribution of the T phasor was obtained
by evaluating the integral (4). Fig. 3 shows the magnitude of the
temperature inside the source for various frequencies.
Fig. 3. Calculated |T | distributions inside a 100 nm × 100 nm heat source
(red is ’hottest’, purple is ’coldest’)
A remarkable observation is the fact that the strongest oscilla-
tions (red zones) are not occuring in the center of the source but
towards the corners. For very high frequencies the distribution
starts to look like an interference pattern.
V. CONCLUSIONS
Some general concepts for dynamic thermal characterization
were introduced. The presented model for a thin plate under
convective cooling conditions showed a good agreement with
experimental results. A numerical calculation for a simple struc-
ture gave us a glimpse of the thermal wave effects which might
be observed in nano-scaled electronic devices.
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